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Abstrat It is not diult to see that every group homomorphism from Z
k
to R
n
extends to a homomorphism from R
k
to R
n
. We disuss other examples of disrete
subgroups Γ of onneted Lie groups G, suh that the homomorphisms dened
on Γ an (virtually) be extended to homomorphisms dened on all of G. For the
ase where G is solvable, we give a simple proof that Γ has this property if it is
Zariski dense. The key ingredient is a result on the existene of syndeti hulls.
1 What Is a Superrigid Subgroup?
Let us begin with a trivial example of the type of theorem that we will disuss.
It follows easily from the fat that a linear transformation an be dened to
have any desired ation on a basis. (See Set. 3 for a more ompliated proof.)
Proposition 1.1. Any group homomorphism ϕ : Zk → Rd extends to a on-
tinuous homomorphism ϕˆ : Rk → Rd.
A superrigidity theorem is a version of this simple proposition in the
situation where Zk, Rk, and Rd are replaed by more interesting groups.
Suppose Γ is a disrete subgroup of a onneted Lie group G, and H is
some other Lie group. Does every homomorphism ϕ : Γ → H extend to a
ontinuous homomorphism ϕˆ dened on all of G?
All of the Lie groups we onsider are assumed to be linear groups ; that is,
they are subgroups of GL(ℓ,C), for some ℓ. For example, Rd an be thought
of as a linear group; in partiular:
R
3 ∼=


1 0 0 R
0 1 0 R
0 0 1 R
0 0 0 1

 . (1)
Thus, any homomorphism into Rd an be thought of as a homomorphism
into GL(d + 1,R). The study of homomorphisms into GL(d,R) or GL(d,C)
is known as Representation Theory. Unfortunately, in this muh more inter-
esting setting, not all homomorphisms extend.
⋆
The preparation of this paper was partially supported by a grant from the Na-
tional Siene Foundation (DMS-9801136).
442 Dave Witte
Proposition 1.2. There is a group homomorphism ϕ : Z → GL(d,R) that
does not have a ontinuous extension to a homomorphism ϕˆ : R→ GL(d,R).
Proof. Fix a matrix A ∈ GL(d,R), suh that detA < 0, and dene ϕ(n) =
An, for n ∈ Z. Then ϕ(m+n) = ϕ(m) ·ϕ(n), so ϕ is a group homomorphism.
Sine detX 6= 0, for allX ∈ GL(d,R), there is no ontinuous funtion ϕˆ : R→
GL(d,R), suh that ϕˆ(0) = Id and ϕˆ(1) = A. Hene, ϕ does not have a
ontinuous extension to R. ⊓⊔
The example shows that we annot expet ϕˆ(n) to equal ϕ(n) for all
n ∈ Z, so we relax the restrition to require equality only when n belongs to
some nite-index subgroup of Z. In group theory, it is standard pratie to
say that a group virtually has a property if some nite-index subgroup has
the property. In that spirit, we make the following denition.
Denition 1.3. Suppose Γ is a subgroup of G. We say that a homomor-
phism ϕ : Γ → H virtually extends to a homomorphism ϕˆ : G → H if there
is a nite-index subgroup Γ ′ of Γ , suh that ϕ(γ) = ϕˆ(γ) for all γ ∈ Γ ′.
The following result is not as trivial as Proposition 1.1.
Proposition 1.4. Any group homomorphism ϕ : Zk → GL(d,R) virtually
extends to a ontinuous homomorphism ϕˆ : Rk → GL(d,R). Similarly for
homomorphisms into GL(d,C).
Proposition 1.4 has the serious weakness that it gives no information at
all about the image of ϕˆ. A superrigidity theorem should state not only that
a virtual extension exists, but also that if the image of the original homo-
morphism ϕ is well behaved, then the image of the extension ϕˆ is similarly
well behaved. For example, we want:
• If ϕˆ(Γ ) ⊂ Rd, then ϕˆ(G) ⊂ Rd (as embedded in (1)).
• If all the matries in ϕ(Γ ) ommute with eah other, then all the matries
in ϕˆ(G) ommute with eah other.
• If all of the matries in ϕ(Γ ) are upper triangular, then all of the matries
in ϕˆ(G) are upper triangular.
All of these properties, and many more, are obtained by requiring that ϕˆ(G)
be ontained in the Zariski losure of ϕ(Γ ).
The Zariski losure will be formally dened in Set. 4. For now, it sues
to have an intuitive understanding:
The Zariski losure Γ of a subgroup Γ of GL(ℓ,C) is the natural
virtually onneted subgroup of GL(ℓ,C) that ontains Γ .
(By virtually onneted, we mean that the Zariski losure, although perhaps
not onneted, has only nitely many omponents.) Some examples should
help to larify the idea.
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Example 1.5. 1) Rd, as embedded in (1) is its own Zariski losure; we say
that Rd is Zariski losed .
2) Let
G1 =


1 R R R
0 1 R R
0 0 1 R
0 0 0 1

 and Γ1 =


1 Z Z Z
0 1 Z Z
0 0 1 Z
0 0 0 1

 .
Then G1 is a perfetly natural, onneted subgroup, so G1 is Zariski losed.
Beause G1 is the natural onneted subgroup that ontains Γ1, we have
Γ1 = G1. (We may say that Γ1 is Zariski dense in G1.)
3) Let
G2 =

1 R C0 1 0
0 0 1


and Γ2 =

1 Z Z+ Zi0 1 0
0 0 1

 .
Then Γ2 = G2 = G2.
4) Let
G3 =



1 t z0 1 0
0 0 e2πit


∣∣∣∣∣∣
t ∈ R,
z ∈ C

 . (2)
Then, although G3 is onneted, it is not Zariski losed. The notion of Zariski
losure omes from Algebrai Geometry, where only polynomial funtions
are onsidered. Thus, beause the exponential funtion is transendental, not
polynomial, an Algebrai Geometer does not see the oupling between the
(1, 2) entry and the (3, 3) entry of the matrix; so, from an Algebrai Geome-
ter's point of view, there is no onstraint linking these two matrix entries.
The (1, 2) entry takes any real value, the (3, 3) entry takes any value on the
unit irle, and the Zariski losure allows these values entirely independently:
G3 =

1 R C0 1 0
0 0 T

 .
(The analogous example for a topologist would be a disontinuous funtion
f : R→ T, suh that the graph of f is dense in R×T.) As another important
observation, note that Γ2 ⊂ G3. However, we know that Γ2 = G2 6= G3, so
Γ2 is not Zariski dense in G3.
We an now dene a version of superrigidity:
Denition 1.6. A disrete subgroup Γ of a Lie group G is superrigid in G
if every homomorphism ϕ : Γ → GL(d,R) virtually extends to a ontinuous
homomorphism ϕˆ : G→ ϕ(Γ ).
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The following superrigidity result (a speial ase of the main theorem
stated later in this setion) strengthens Proposition 1.4. Exept for the minor
disrepany between extensions and virtual extensions, it also generalizes
Proposition 1.1.
Proposition 1.7. Zk is superrigid in Rk.
Amore interesting result (one that deserves to be alled a theorem) applies
to nonabelian groups. In this setion, we onsider only solvable groups:
Denition 1.8. A onneted Lie subgroup G of GL(ℓ,C) is solvable if (per-
haps after a suitable hange of basis) it is upper triangular.
(This is not the usual denition, but it is more onrete, and it is equiv-
alent to the usual one in our setting (see 4.1).)
For example, the groups G1, G2, and G3 dened in Example 1.5 are
obviously solvable. Also, note that any set of pairwise ommuting matries
an be simultaneously triangularized, so abelian groups are solvable.
To avoid tehnial problems that ould fore us to pass to a nite over,
we usually assume that the fundamental group of G is trivial:
Denition 1.9. A Lie group G is 1-onneted if it is onneted and simply
onneted.
The following example shows that, for some solvable groups, not all sub-
groups are superrigid.
Example 1.10. Let
G =
(
R+ R
0 1
)
and Γ =
(
1 Z
0 1
)
.
Then G is obviously solvable, and Γ is a disrete subgroup.
Any homomorphism G→ R must vanish on the ommutator subgroup
[G,G] =
(
1 R
0 1
)
⊃ Γ ,
so the only homomorphism ϕ : Γ → R that virtually extends to G is the
trivial homomorphism. (Beause R has no nontrivial nite subgroups, any
virtually trivial homomorphism into R must atually be trivial.) Therefore,
not all homomorphisms virtually extend, so Γ is not superrigid in G.
The moral of this example is that small subgroups annot be expeted
to be superrigid: if Γ is only a small part of G, then a homomorphism de-
ned on Γ knows nothing about most of G, so it annot be expeted to be
ompatible with the struture of all of G. This suggests that, to obtain a
superrigidity theorem, we should assume that Γ is large, in some sense. The
orret sense is Zariski density.
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Theorem 1.11 (Witte 1997). If Γ is a disrete subgroup of a 1-onneted,
solvable Lie group G ⊂ GL(ℓ,C), suh that Γ = G, then Γ is superrigid in G.
Example 1.12. Beause Γ1 = G1 and Γ2 = G2, the theorem implies that Γ1
is superrigid in G1, and Γ2 is superrigid in G2. (Atually, the ase of G2
follows already from Proposition 1.7, beause it is easy to see that G2 ∼= R
3
.)
Beause Zk is Zariski dense in Rk (for Rk as in (1)), Proposition 1.7 is a
speial ase of this theorem.
On the other hand, we have Γ2 6= G3, and, although the theorem does not
tell us this, it is easy to see that Γ2 is not superrigid in G3. (The subgroup Γ2
is abelian, and the intersetion Γ2 ∩ [G3, G3] is innite, so this is muh the
same as Example 1.10.)
Unfortunately, Proposition 1.1 is not quite a orollary of this theorem, be-
ause of the disrepany between a virtual extension and an atual extension.
Setion 2 states a version of Theorem 1.11 that, under additional tehnial
hypotheses, provides an atual extension, thus generalizing Proposition 1.1.
The setion also states a more preise version of Theorem 1.11 that deter-
mines exatly whih subgroups of a solvable Lie group are superrigid, and
briey disusses superrigidity theorems for Lie groups that are not solvable.
A simple proof of Theorem 1.11 will be given in Set. 3, modulo an as-
sumption about the existene of syndeti hulls. This gap will be lled in
Set. 5, after some denitions and basi results are realled from the litera-
ture in Set. 4.
2 Other Superrigidity Theorems
Theorem 1.11 an be extended to stronger results that provide more detailed
information about solvable groups, and to broader results that apply to more
general groups.
2.1 More on Superrigid Subgroups of Solvable Groups
There are two obvious reasons that the onverse of Theorem 1.11 does not
hold.
• If Γ is superrigid in B, then e × Γ is superrigid in A × B. So, to be
superrigid in a diret produt, it sues to be Zariski dense in one of the
fators. This generalizes to semidiret produts, as well.
• The group G has many dierent representations in GL(ℓ,C); it may hap-
pen that Γ is Zariski dense in some of these embeddings, but not in
others. (For example, if we realize R as the subgroup of G3 with z = 0,
then Z is not Zariski dense in R.) This ambiguity is eliminated by using
only the adjoint representation (even though this is not an embedding if
G has a enter).
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The following orollary shows that these two obvious reasons are the only
ones.
Corollary 2.1. A disrete subgroup Γ of a 1-onneted, solvable Lie group G
is superrigid if and only if
1. G = A⋊B, for some losed subgroups A and B of G; suh that
2. B ontains a nite-index subgroup Γ ′ of Γ ; and
3. AdB Γ ′ = AdB B.
Proof (⇒). Let B = Γ
◦
. The inlusion ϕ : Γ →֒ B (virtually) extends to a
ontinuous homomorphism ϕˆ : G → B. Sine ϕˆ|Γ = IdΓ , and Γ is Zariski
dense in B, it is reasonable to expet that ϕˆ|B = IdB . (Atually, this need
not quite be true, but it is lose to orret.) Then G = (ker ϕˆ)⋊B. ⊓⊔
The most important speial ase is when Γ is a lattie in G:
Denition 2.2. A disrete subgroup Γ of a solvable Lie group G is a lattie
if G/Γ is ompat.
For example, Zk is a lattie in Rk, and, in Example 1.5, Γ1 is a lattie
in G1, and Γ2 is a lattie in both G2 and G3. The superrigidity riterion for
latties is very simple:
Corollary 2.3. A lattie Γ in a 1-onneted, solvable Lie group G is super-
rigid if and only if AdG Γ = AdGG.
The following result provides an extension, not just a virtual extension,
under mild hypotheses on ϕ.
Corollary 2.4. Let Γ be a lattie in a onneted, solvable Lie group G, suh
that AdG Γ = AdGG. If ϕ : Γ → GL(d,C) is a homomorphism, suh that
• ϕ(Γ ) ⊂ ϕ(Γ )
◦
,
• the enter of ϕ(Γ )
◦
is onneted, and
• ϕ
(
Γ ∩ [G,G]
)
is unipotent,
then ϕ extends to a ontinuous homomorphism ϕˆ : G→ ϕ(Γ ).
The groups G2 and G3 of Example 1.5 are non-isomorphi solvable groups
that have isomorphi latties (namely, Γ2). The following onsequene of
superrigidity implies that solvable groups with isomorphi latties dier only
by rotations being added to and/or removed from their Zariski losures.
Corollary 2.5. Suppose
• Γ1 and Γ2 are latties in 1-onneted, solvable Lie groups G1 and G2,
• AdG1 Γ1 = AdG1 G1, and
• π : Γ1 → Γ2 is an isomorphism.
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Then π extends to an embedding σ : G1 → T ⋉G2, for any maximal ompat
subgroup T of AdG2 G2
◦
.
Corollary 2.6 (Mostow 1954). Suppose
• Γ1 and Γ2 are latties in 1-onneted, solvable Lie groups G1 and G2, and
• Γ1 is isomorphi to Γ2.
Then G1/Γ1 is dieomorphi to G2/Γ2.
2.2 Superrigid Subgroups of Semisimple Groups
For groups that are not solvable, both lattie and superrigid need to be
generalized from the denitions above.
Denition 2.7. • A disrete subgroup Γ of a Lie group G is a lattie if
there is G-invariant Borel probability measure on G/Γ .
• A lattie Γ in a Lie group G is superrigid if, for every homomorphism
ϕ : Γ → GL(d,C), there is a ompat, normal subgroup K of ϕ(Γ )
◦
, a
ontinuous homomorphism ϕˆ : G → ϕ(Γ )
◦
/K, and a nite-index sub-
group Γ ′ of Γ , suh that ϕˆ(γ) = ϕ(γ)K, for all γ ∈ Γ ′.
The semisimple ase is orders of magnitude more diult than the solvable
ase. We still do not have a omplete answer, but the following amazing
theorem of G. A. Margulis settles most ases.
Theorem 2.8 (Margulis Superrigidity Theorem). If n ≥ 3, then every
lattie in SL(n,R) is superrigid.
The same is true for irreduible latties in any other onneted, semisim-
ple, linear Lie group G with R-rankG ≥ 2.
K. Corlette [Cor℄ proved that latties in Sp(1, n) are superrigid, and also
latties in the exeptional group of real rank one. Thus, to omplete the
study of latties in semisimple groups, all that remains is to determine whih
latties in SO(1, n) and SU(1, n) are superrigid. (Many latties in SO(1, n)
are not superrigid.) Latties are not the whole story, however: H. Bass and
A. Lubotzky [BL℄ reently onstruted an example of a Zariski dense su-
perrigid disrete subgroup Γ of a semisimple group, suh that Γ is not a
lattie.
A superrigidity theorem desribes a very lose onnetion between a lat-
tie Γ and the ambient Lie group G. In fat, for semisimple groups, the
onnetion is so lose that superrigidity tells us almost exatly what the lat-
tie must be. In all of our examples above, the lattie Γ onsists of the integer
points of G. The following major onsequene of the Margulis Superrigidity
Theorem implies that this is essentially the only way to make a lattie in
a simple group of higher real rank. (However, one needs to allow ertain
algebrai integers in plae of ordinary integers.)
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Corollary 2.9 (Margulis Arithmetiity Theorem). If n ≥ 3, then every
lattie in SLn(R) is arithmeti.
The same is true for irreduible latties in any onneted, semisimple,
linear Lie group G with R-rankG ≥ 2.
2.3 Superrigid Subgroups of Other Lie Groups
The following proposition makes it easy to ombine the semisimple ase with
the solvable ase.
Proposition 2.10 (L. Auslander). Let G = R⋊L be a Levi deomposition
of a onneted Lie group G, and let σ : G→ L be the orresponding quotient
map. If Γ is a lattie in G, suh that AdG Γ = AdGG, then Γ ∩R is a lattie
in R, and σ(Γ ) is a lattie in L.
Corollary 2.11. Let G = R ⋊ L be a Levi deomposition of a onneted,
linear Lie group G, and let σ : G→ L be the orresponding quotient map. A
lattie Γ in G is superrigid if and only if
• there is a ompat, normal subgroup C of AdGG, suh that
(
AdG Γ
)
C =
AdGG, and
• the lattie σ(Γ ) is superrigid in L.
Pointers to the literature. Corollary 2.1 is from [W2℄. Corollaries 2.3, 2.4,
2.5, and 2.11 are from [W1℄. (See [Sta℄ for results related to 2.5, without the
ompat subgroup T .) Corollary 2.6 and Proposition 2.10 appear in [Rag,
Theorems 3.6 and 8.24℄. Theorems 2.8 and Corollary 2.9 are disussed in
[Mar℄ and [Zim℄.
3 Our Prototypial Proof of Superrigidity
We now give a proof of Proposition 1.1 that is somewhat more diult than
neessary, beause this argument an be generalized to other groups.
Proof (of Proposition 1.1). Let
• Γˆ = graph(ϕ) =
{ (
γ, ϕ(γ)
)
| γ ∈ Γ
}
⊂ Rk × Rd,
• X = span Γˆ be the subspae of the vetor spae Rk × Rd spanned by Γˆ ,
and
• p : Rk × Rd → Rk be the natural projetion onto the rst fator.
Step 1. We have p(X) = Rk. Note that:
• p(X) is onneted (beause X is onneted and p is ontinuous);
• p(X) is an additive subgroup of Rk (beause X is an additive subgroup,
and p is an additive homomorphism); and
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• p(X) ontains Zk (beause p(X) ontains p(Γˆ ) = dom(ϕ) = Zk).
Sine
no onneted, proper subgroup of Rk ontains Zk, (3)
the desired onlusion follows.
Step 2. We have X ∩ (0 × Rd) = 0. Beause Γ is disrete, we know that ϕ
is ontinuous, so the ϕ-image of any ompat subset of Γ is ompat. This
implies that p|
Γˆ
, the restrition of p to Γˆ , is a proper map. (That is, the
inverse image of every ompat set is ompat.) It is a fat that
(spanΛ)/Λ is ompat, for every losed subgroup Λ of Rk × Rd; (4)
therefore, X = span Γˆ diers from Γˆ by only a ompat amount. Sine p|
Γˆ
is
proper (and p is a homomorphism), this implies that p|X is proper. Therefore
X ∩ p−1(0) is ompat. Sine p is a homomorphism, we onlude that X ∩
p−1(0) is a ompat subgroup of X ∩ Rd. However,
Rd has no nontrivial ompat subgroups, (5)
so we onlude that X ∩ p−1(0) is trivial, as desired.
Step 3. Completion of the proof. From Steps 1 and 2, and the fat that X is
a losed subgroup of R
k × Rd, we see that X is the graph of a well-dened
ontinuous homomorphism ϕˆ : Rk → Rd. Also, beause graph(ϕ) ⊂ graph(ϕˆ),
we know that ϕˆ extends ϕ. ⊓⊔
To generalize this proof to the situation where Zk, Rk, and Rd are re-
plaed by more interesting solvable groups Γ , G, and H , we need a losed
subgroup X to substitute for the span of Γˆ . Looking at the proof, we see
that the ruial properties of X are that it is a onneted subgroup that
ontains Γˆ (so p(X) is a onneted subgroup of Rk that ontains domϕ (see
Step 1)), and that X/Γˆ is ompat (see (4)). These properties are aptured
in the following denition.
Denition 3.1. A syndeti hull of a subgroup Γ of a Lie group G is a
subgroup X of G, suh that X is onneted, X ontains Γ , and X/Γ is
ompat.
Thus, the same proof applies in any situation where the following three
properties hold:
a. no onneted, proper subgroup of G ontains Γ (see (3));
b. every losed subgroup Γˆ of G×H has a syndeti hull (see (4)); and
. H has no nontrivial ompat subgroups (see (5)).
Two of these properties pose little diulty:
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(a) If Γ is a lattie in a 1-onneted, solvable Lie groupG, then no onneted,
proper subgroup of G ontains Γ (see 4.3(2)).
() If H is a 1-onneted, solvable Lie group, then H has no nontrivial om-
pat subgroups (see 4.3(3)).
However, Property (b) may fail, as is illustrated by the following example.
Example 3.2. Let
Γ =

1 Z Z0 1 0
0 0 1

 ⊂ G3 and S =



1 t R0 1 0
0 0 e2πit


∣∣∣∣∣∣ t ∈ R

 .
(see (2)). Then S is the only reasonable andidate to be a syndeti hull of Γ
in G3. However, S is not losed under multipliation, so it is not a subgroup
of G3. Thus, one sees that Γ does not have a syndeti hull in G3.
The upshot is that proving superrigidity (in the setting of solvable groups)
redues to the problem of showing that syndeti hulls exist. It turns out
that Zariski dense subgroups always have a syndeti hull. (The reader an
easily verify that the subgroup Γ of Example 3.2 is not Zariski dense in G3.)
However, the following key result (whih will be proved in Set. 5) shows
that a muh weaker hypothesis sues: AdG Γ need only ontain a maximal
ompat subgroup, not all of AdGG.
Theorem 3.3. If Γ is a losed subgroup of a onneted, solvable Lie group G,
suh that
AdG Γ ontains a maximal ompat subgroup of AdGG
◦
, (6)
then Γ has a syndeti hull in G. Furthermore, if G is 1-onneted, then the
syndeti hull is unique.
For example, if G is a 1-onneted, R-split solvable group (that is, if G
is an upper triangular subgroup of GL(n,R)), then AdGG has no ompat
subgroups, so the hypothesis of the theorem is trivially satised.
Corollary 3.4. In a 1-onneted, R-split solvable group, syndeti hulls exist
and are unique.
So the proof applies:
Proposition 3.5. Suppose
• G1 and G2 are 1-onneted, R-split solvable groups,
• Γ1 is a lattie in G1, and
• ϕ : Γ1 → G2 is a homomorphism.
Then ϕ extends uniquely to a ontinuous homomorphism ϕˆ : G1 → G2.
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Corollary 3.6 (Saito 1957). Suppose Γi is a lattie in a 1-onneted, R-
split solvable group Gi, for i = 1, 2. If Γ1 ∼= Γ2, then G1 ∼= G2.
Let us now use Theorem 3.3 to prove a superrigidity theorem.
Proof (of Theorem 1.11). We are given a homomorphism ϕ : Γ → GL(d,C).
Case 1. Assume Γ is a lattie in G. Let
• H = ϕ(Γ ),
• Gˆ = G×H ,
• Γˆ = graph(ϕ) ⊂ G×H , and
• p : G×H → G be the natural projetion onto the rst fator.
We use the proof of Proposition 1.1, so there are only two issues to address.
First, we need to show that Γˆ has a syndeti hull X in Gˆ. Seond, beause
H may not be 1-onneted, we do not have property (), the analogue of (5).
Reall that Zariski losures are virtually onneted. (This is stated for-
mally in Lemma 4.7 below.) Hene, H has only nitely many omponents, so,
by passing to a nite-index subgroup of Γ , we may assume that ϕ(Γ ) ⊂ H◦,
so Γˆ ⊂ G×H◦ = Gˆ◦.
By assumption, Γ
◦
ontains a maximal ompat subgroup S of G
◦
, and,
by denition, ϕ(Γ )
◦
ontains a maximal ompat subgroup T of H◦. There-
fore, the projetion of Γˆ
◦
to eah fator of G
◦
×H◦ ontains a maximal om-
pat subgroup of that fator. However, Γˆ is diagonally embedded in G×H , so
it probably does not ontain the produt S×T , whih is a maximal ompat
subgroup of G
◦
×H◦. Thus, Theorem 3.3 probably does not apply diretly.
However, S × T is ontained in Γˆ T , so the rather tehnial Theorem 3.7 be-
low, whih an be proved in almost exatly the same way as Theorem 3.3,
does apply. So we onlude that some nite-index subgroup of Γˆ has a syn-
deti hull X in Gˆ◦, as desired. (Note that, beause graph(ϕˆ) = X ontains a
nite-index subgroup of Γˆ , the homomorphism ϕˆ virtually extends ϕ.)
Theorem 3.7 asserts that we may take the syndeti hull X to be simply
onneted; thus,X has no nontrivial ompat subgroups. Hene, the subgroup
X ∩ p−1(e) also has no ompat subgroups. Assumption (5) was used only to
obtain this onlusion, so we have no need for ().
Case 2. The general ase. From Theorem 3.3, we know that Γ has a syndeti
hull B. So Γ is a lattie in B, and, by assumption, Γ = G ⊃ B. There-
fore, Case 1 implies that ϕ virtually extends to a ontinuous homomorphism
ϕ∗ : B → GL(d,C).
Now, beause B is onneted, and B = G, one an show that [G,G] ⊂ B.
So it is not hard to extend ϕ∗ to a ontinuous homomorphism ϕˆ : G →
GL(d,C). ⊓⊔
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Theorem 3.7. Let Γ be a disrete subgroup of a onneted, solvable, linear
Lie group G.
If there is a ompat subgroup S of Γ and a ompat subgroup T of G,
suh that ST is a maximal ompat subgroup of G
◦
, then some nite-index
subgroup Γ ′ of Γ has a simply onneted syndeti hull in G.
Pointers to the literature. Denition 3.1 is slightly modied from [FG℄. (In
our terminology, they proved that every solvable subgroup Γ of GL(ℓ,C) vir-
tually has a syndeti hull in Γ .) Theorem 3.3 appears in [W1℄. For the speial
ase where G1 and G2 are nilpotent, Corollary 3.6 was proved by Malev,
and this speial ase appears in [Rag, Theorem 2.11, p. 33℄. Theorem 3.7 is
from [W3℄.
4 Solvable Lie Groups and Zariski Closed Subgroups
We now reall (without proof) some rather standard results on solvable Lie
groups and Zariski losures.
4.1 Solvable Lie Groups and Their Subgroups
Remark 4.1. Although the denition of solvable given in Defn. 1.8 is not
the usual one, the LieKolhin Theorem [Hum, Theorem 17.6, pp. 113114℄
implies that a onneted subgroup G of GL(ℓ,C) satises (1.8) if and only if
it is solvable in the usual sense. Thus, this naive desription is adequate for
our purposes.
Also, Ado's Theorem [Var, Theorem 3.18.16, pp. 246247℄ implies that
every 1-onneted, solvable Lie group is isomorphi to a losed subgroup of
some GL(ℓ,C), so there is no loss of generality in restriting our attention to
linear groups.
The following observation is immediate from the usual denition of solv-
ability:
Lemma 4.2. If G is a nontrivial, onneted, solvable Lie group, then
dim[G,G] < dimG .
Proposition 4.3. Let H be a onneted subgroup of a 1-onneted, solvable
Lie group G.
1. H is losed, simply onneted, and dieomorphi to some Rd;
2. If G/H is ompat, then H = G;
3. If C is a ompat subgroup of G, then C is trivial.
Lemma 4.4. Let Q be a losed subgroup of a onneted, solvable group G.
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1. If G/Q is simply onneted, then Q is onneted, and Q ontains a max-
imal ompat subgroup of G;
2. If Q has only nitely many omponents, and Q ontains a maximal om-
pat subgroup of G, then Q is onneted, and G/Q is simply onneted.
Lemma 4.5. If G is any Lie group with only nitely many onneted om-
ponents, then
1. G has a maximal ompat subgroup, and
2. all maximal ompat subgroups of G are onjugate to eah other.
4.2 Zariski Closed Subgroups of GL(ℓ,C)
The following denition formalizes the idea that a subgroup is Zariski losed
if it is dened by polynomial funtions. Also, we are thinking of GL(ℓ,C)
as being a real variety of dimension 2ℓ2, rather than a omplex variety of
dimension ℓ2.
Denition 4.6. A subset X of RN is Zariski losed if there is a (nite or
innite) olletion {Pk} of real polynomials in N variables, suh that
X = { x ∈ RN | Pk(x) = 0, for all k } .
Let ϕ : GL(ℓ,C)→ Rℓ
2
+2
be the identiation of GL(ℓ,C) with a (Zariski
losed) subset of Rℓ
2
+2
given by listing the real and imaginary parts of the
determinant and of eah matrix entry:
ϕ(g) =
(
ℜ(det g),ℑ(det g),ℜg1,1,ℑg1,1,ℜg1,2,ℑg1,2, . . . ,ℜgℓ,ℓ,ℑgℓ,ℓ
)
.
A subgroup Q of GL(ℓ,C) is Zariski losed if ϕ(Q) is a Zariski losed subset
of Rℓ
2
+2
.
The Zariski losure Γ of a subgroup Γ of GL(ℓ,C) is the (unique) smallest
Zariski losed subgroup that ontains Γ .
Lemma 4.7. Any Zariski losed subgroup has only nitely many onneted
omponents.
Lemma 4.8. Let H be a Zariski-losed subgroup of GL(ℓ,C).
1. For any subgroup Γ of H, the entralizer CH(Γ ) is Zariski losed;
2. For any onneted subgroup U of H, the normalizer NH(U) is Zariski
losed.
Corollary 4.9. If G is a onneted subgroup of GL(ℓ,C), then G normal-
izes G.
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Theorem 4.10 (Borel Density Theorem). If Γ is a losed subgroup of a
onneted, solvable Lie group G, suh that G/Γ is ompat, then AdG ΓT =
AdGG, for every maximal ompat subgroup T of AdGG
◦
.
Corollary 4.11. Suppose Γ is a losed subgroup of a onneted, solvable Lie
group G, suh that G/Γ is ompat. If (6) holds, then AdG Γ = AdGG.
Pointers to the literature. Propositions 4.3(1) and 4.3(3) and Lemma 4.5 ap-
pear in [Ho, Theorems 12.2.2, 12.2.3, and 15.3.1℄. Proposition 4.3(2) is due to
G. D. Mostow [Mos, Proposition 11.2℄. Lemma 4.4 follows from the homotopy
long exat sequene of the bration Q → G → G/Q; f. [W1, Lemma 2.17℄.
Lemma 4.7 appears in [PR, Theorem 3.6℄. Lemma 4.8(1) follows from [Hum,
Prop 8.2b℄. Lemma 4.8(2) follows from the proof of [Zim, Theorem 3.2.5℄. A
generalization of Theorem 4.10 appears in [Dan, Corollary 4.2℄.
5 Existene of Syndeti Hulls
Construting a syndeti hull requires some way to show that a subgroup is
onneted. The following result on intersetions of onneted subgroups is
our main tool in this regard.
Proposition 5.1. Let G and Q be solvable Lie subgroups of GL(ℓ,C). If
• G is onneted,
• Q is Zariski losed (or, more generally, Q has nite index in Q), and
• Q ontains a maximal ompat subgroup of G
◦
,
then G ∩Q is onneted.
Proof. Let T be a maximal ompat subgroup of G
◦
that is ontained in Q.
Case 1. Assume Q ⊂ G
◦
. Beause G normalizes G (see 4.9), we know that
Q normalizes G, so GQ is a subgroup of GL(ℓ,C). Sine Q ontains the
maximal ompat subgroup T of GQ, we see that GQ/Q is simply onneted
(see 4.4(2)). Hene G/(G ∩ Q) ≃ GQ/Q is simply onneted, so G ∩ Q is
onneted (see 4.4(1)).
Case 2. The general ase. Beause G
◦
∩ Q ontains the maximal ompat
subgroup T of G
◦
, Case 1 implies that
G ∩Q = (G ∩G
◦
) ∩Q = G ∩ (G
◦
∩Q)
is onneted, as desired. ⊓⊔
The following orollary is obtained by using the proposition to show that
Gˆ ∩ Qˆ is onneted, where Gˆ = graph(ρ) and Qˆ = G×Q.
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Corollary 5.2. Let
• G be a onneted, solvable Lie group,
• ρ : G→ GL(d,C) be a nite-dimensional, ontinuous representation, and
• Q be a Zariski losed subgroup of GL(d,C), suh that Q ontains a max-
imal ompat subgroup of ρ(G)
◦
.
Then ρ−1(Q) is onneted.
Corollary 5.3. Let Γ be a losed subgroup of a 1-onneted, solvable Lie
group G, suh that (6) holds.
1. If Γ ⊂ Z(G), then Z(G) is onneted;
2. If Γ is abelian, then CG(Γ ) is onneted;
3. If U is any onneted subgroup of G that is normalized by Γ , then NG(U)
is onneted.
Proof. To simplify the notation, let us assume Γ ontains a maximal ompat
subgroup of G
◦
, ignoring the adjoint representation. (Without this simpli-
ation, the proof would use Corollary 5.2, with ρ = AdG, instead of using
Proposition 5.1, as we do here.) Under this assumption, Proposition 5.1 im-
plies that if Q is any Zariski losed subgroup of GL(ℓ,C) that ontains Γ ,
then G ∩Q is onneted. We apply this fat with:
(1) Q = CG(G) (see 4.8(1)); so Z(G) = CG(G) = G ∩Q is onneted.
(2) Q = CG(Γ ) (see 4.8(1)); so CG(Γ ) = G ∩Q is onneted.
(3) Q = NG(U) (see 4.8(2)); so NG(U) = G ∩Q is onneted. ⊓⊔
Theorem 5.4. Suppose Γ is a losed subgroup of a 1-onneted, solvable Lie
group G. If (6) holds, then Γ has a unique syndeti hull in G.
Proof. Let us rst prove uniqueness: suppose S1 and S2 are syndeti hulls
of Γ . We have AdG Γ = AdG Si for i = 1, 2 (see 4.11); so AdG S1 = AdG S2.
Therefore S1 and S2 normalize eah other (see 4.9), so S1S2 is a subgroup
of G. It is simply onneted (see 4.3(1)), and S1S2/S2 ≃ S1/(S1 ∩ S2) is
ompat (beause Γ ⊂ S1 ∩ S2), so Lemma 4.3(2) implies that S2 = S1S2;
thus S1 ⊂ S2. Similarly, S2 ⊂ S1. Therefore S1 = S2, so the syndeti hull, if
it exists, is unique.
We now prove existene. We may assume, by indution on dimG (see 4.2),
that Γ ∩ [G,G] has a unique syndeti hull U in [G,G] (note that AdG[G,G]
is unipotent, so it has no nontrivial ompat subgroups).
Case 1. Assume G is abelian. Beause Γ is a normal subgroup of G, we may
onsider the quotient group G/Γ : let K/Γ be a maximal ompat subgroup
of G/Γ . By denition, K/Γ is ompat. Also, G/K ≃ (G/Γ )/(K/Γ ) is sim-
ply onneted (see 4.4(2)), so K is onneted (see 4.4(1)). Therefore K is a
syndeti hull of Γ .
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Case 2. Assume Γ ⊂ Z(G). Beause Z(G) is onneted (see 5.3(1)), we know,
from Case 1, that Γ has a syndeti hull S in Z(G). Then S is a syndeti hull
of Γ in G.
Case 3. Assume Γ is abelian. We have Γ ⊂ CG(Γ ), and CG(Γ ) is onneted
(see 5.3(2)), so, from Case 2, we know that Γ has a syndeti hull S in CG(Γ ).
Then S is also a syndeti hull of Γ in G.
Case 4. Assume U is a normal subgroup of G. Let τ : G → G/U be the
natural homomorphism. Then, beause U/(Γ ∩ U) is ompat, we see that
ΓU is losed, so τ(Γ ) is a losed subgroup of τ(G). Also, beause [Γ, Γ ] ⊂ U ,
we have
[τ(Γ ), τ(Γ )] = τ
(
[Γ, Γ ]
)
⊂ τ(U) = e ,
so τ(Γ ) is abelian. Thus, from Case 3, we know that τ(Γ ) has a syndeti
hull S in τ(G). Then τ−1(S) is a syndeti hull of Γ in G.
Case 5. The general ase. The uniqueness of the syndeti hull U implies that
Γ normalizes U ; that is, Γ ⊂ NG(U). Now NG(U) is onneted (see 5.3(3)),
so, from Case 4, we know that Γ has a syndeti hull S in NG(U); then S is
also a syndeti hull of Γ in G. ⊓⊔
Corollary 5.5. Suppose Γ is a losed subgroup of a onneted, solvable Lie
group G. If (6) holds, then Γ has a syndeti hull in G.
Proof. Write G = G˜/Z and Γ = Γ˜ /Z, where Z is some disrete, normal
subgroup of the enter of the universal over G˜ of G. If S is any syndeti hull
of Γ˜ , then S/Z is a syndeti hull of Γ . ⊓⊔
Remark 5.6. If G is not simply onneted, then syndeti hulls may not be
unique. (For example, e and T are two syndeti hulls of e in T.)
Proposition 5.1 has the following orollary. Theorem 3.7 is proved almost
exatly the same way as Theorem 5.4, but using this orollary in plae of
Proposition 5.1. However, a small additional argument is needed when G is
abelian, to show that the syndeti hull an be hosen to be simply onneted
in this base ase.
Corollary 5.7. Let G and Q be solvable Lie subgroups of GL(ℓ,C). If
• G is onneted,
• Q is Zariski losed, and
• there are ompat subgroups S of Q and T of G, suh that ST is a max-
imal ompat subgroup of G
◦
,
then G ∩Q is virtually onneted.
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Proof. By replaing Q with G∩Q, we may assume Q ⊂ G. Also, by replaing
T with a subgroup, we may assume S∩T is nite. From the struture theory
of solvable Zariski losed subgroups [Hum, Theorems 19.3 and 34.3b℄, we have
G
◦
= (ST )⋉ V and Q◦ = S ⋉ (Q ∩ V ), where V is the subgroup generated
by the elements of G, all of whose eigenvalues are real and positive; then,
beause Q ontains the maximal ompat subgroup S of SV =
(
G ∩ SV
)
◦
,
Proposition 5.1 implies Q ∩
(
G ∩ (SV )
)
◦
is onneted. This is a nite-index
subgroup of Q ∩G, beause Q◦ ⊂ SV , and G ∩ (SV ) is virtually onneted.
Therefore, Q ∩G is virtually onneted. ⊓⊔
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